1 The authors gratefully acknowledge the support from the Office of Naval Research

(ONR) Grant N00014-95-1-0639.

Corresponding Author : Evangelos Triantaphyllou

The K nowledge Acquisition P roblem in

Monotone B oolean Systems 1

Evangelos Triantaphyllou and Jieping Lu

Department of Industrial and Manufacturing Systems Engineering

3128 CEBA Building

Louisiana StateUniversity

Baton Rouge, LA 70803-6409, U.S.A.

E-mail: trianta@lsu.edu

Web page:

KWWS�ZZZ�LPVH�OVX�HGX�YDQJHOLV

1. Introduction

Learning is themain property that characterizes an intelligent system. As similar situations will usually appear

again andagainina givenenvironment, thegoaloflearningistogainexperiencethatcanbeusedtoimprovethe

performance of thesystemwhen similar situat ions occur in thefuture. Gaining experienceoften requires the

systemto build up an internal knowledgebasethat can efficiently fetch theinformation when needed.

The learning process can bedivided into two pha ses: t he knowledgeacquisition phaseand therule

generation phase. Intheknowledgeacquisitionphase, it is relativelyeasytogather a largeamount ofknowledge

Published in:

Encyclopedia of Computer Science &Technology, (A. Kent and J.G. Williams, Eds.), Marcel

Dekker, Inc., New York, NY, Vol. 39, pp. 89-106, 1998.

or facts. However, critical facts areusually difficult to collect or easytoneglect. Therefore, thetime, manpower

and other resources spent on knowledge acquisition can bevery largeif this process is not managed properly.

This article examines theknowledgeacquisition problemfor learning ina monotoneboolean system. In

such systems,itisassumedthatallexamplesarerepresentedbybinaryvectorsinspace E n andeachbitofavector

r epr esents an attributeof the example. Theattributes areassumed to bebinary, i.e. to be either ^ T r ue~ or

^False~(i.e., ^0~or^1~).Allexamplesaredividedintotwoclasses, andarethusregardedaspositiveandnegative

examples. Therelationamongtheexamplescanbeexpressedintheformofamonotonebooleanfunction,inwhich

an exampleis regarded as a positive example when t he function valuefor the exampleis 1 and as a negative

example whenthefunctionvalueis0. Thegoaloftheknowledgeacquisitionphaseina monotonebooleansystem

is toinfer thefunctionandthusbeabletodeterminetheclass membership for all examples intheproblemspace.

2. Monotone BooleanFunctions

To expresstherelationamongtheexamplesintheformofa monotonebooleanfunctionrequiresthat the

class membership of allexamplesbeknown. Todeterminetheclassmembershipof all examples is thesameas to

restore t he underlying monotoneboolean function, and thus this knowledgeacquisition process is known as

monotone boolean function inference .

As discussed earlier, it could be very costly to determinetheclass membership of all examples in the

problem spaceif theprocess is not arranged properly. For instance, to get thefunction valueof all examples in

space E 10 could mean to test each oneof the1,024 examples in that space. Even if each test requires only 30

minutes togettheresult,thisprocesscouldbetooslowtobeacceptableinmanypracticalsituations.Furthermore,

theconsiderablecosts related with each test could beanother reason that prevents the useof this kind of testing.

When thedetails of different kinds of test s areomitted, each examplesubmitted for testing can be

regarded asposingaquestionandtheresultscomefromthetest canberegardedasgettingananswer.Therefore,

it is desirableto ask a sequenceof appropriatequestions, i.e. to test only a small number of examples fromthe

problem space, sothat theclassmembershipofallexamplesinthespacecanbedetermined. Theselectionofthe examples, or thequestion-asking strategy, is critical in reducing thenumber of questions.

When therelation among the examples is expressed as a general boolean funct ion, t her eis no way to

determine theclassmembershipofotherexamplesbasedontheclassifiedexamples(trainingset).Thereforeevery

example shouldbeexaminediftherelationamongtheexamples(i.e., theinferredbooleanfunction) isrequiredto

be 100% correct. This means that thesizeof the examples in thetraining set will always be2 n , thesameas the

number ofalltheexamplesinspace E n . However, thenumber ofquestionscanbereducedwhentherelationcan

be expressedasa monotone booleanfunction (tobediscussedlater). Astheclassmembershipofallexamples

in a monotoneboolean systemsa t isfy t he monotoneproperty, it is possiblethat a small number of classified

examples can beused to determinetheclass membership of new examples. This, in turn, can significantly

expedite thelearningprocess andthus reducethecosts. Under monotonicityexamples canbeorderedas follows

[Rudeanu, 1974]:

Let E n denote the set of all binary vectors of length n; let x and y be two such vectors. Then, the vector x=<x 1 ,

x 2 , ...,x n > precedes vectory=<y 1 , y 2 , ...,y n > (denotedasx

z y) ifandonlyifx i

� y i for1 � i � n. If,atthesametime, x

g y then x strictly precedes y (denoted as x

y y).

According to this definition, thevectors in space E 2 can beordered as follows:

<11>

4 ( n )

2

( n

O n / 2

P ) ( 1

�

� ( n ) )

, function if and only if for any vectors x, y

� E n , such that x

m

˝ i 1

( g i

( x )

¸

h

i

( x ) ) .

For thenumber

5 ( n ) of monotoneboolean functions defined on thevectors in space E n , it is known

([Alekeseev, 1988] and[Kleitman, 1969]) that:

where0<

� ( n )< c (log n )/ n , c is a constant and

) n /2

/

is thelargest integer less than or equal to n /2.

A boolean function can beof any form. All theforms areregarded as equivalent as longas theygivethe

same correct t r ue-fa lse function values for all input boolean vectors. However, it is convenient to represent a

boolean functionineither theConjunctiveNormal Form(CNF) or theDisjunctiveNormal Form(DNF) (see, for

instance, [Blair et al. , 1985], [Cavalier et al. , 1990], [Hooker,1988aand1988b],[Jeroslow,1988and1989],and

[Williams, 1986]). Peysakh, 1987 describes analgorithmfor convertinganybooleanexpressionintoCNF. The

CNF formcan bedescribed as follows:

k

˝ i

�

’ i

� i

) ,

5

Q ( n )

min

F

)

n / 2

/

)

� ( n )

n / 2

/

� 1

) .

where a i iseither attribute A i or itsnegation , j isthenumber ofattributecombinationsand

’ j isthe j th index A i

set for the j th attributecombination. Similarly, DNF can bedescribed as follows:

k

˝ j

1

(

¸

i

’ i

� i

) .

3. ShannonFunctionand the Hansel Theorem

Suppose therelationsamongthebinaryexamplesintheproblemspacecanbeexpressedwithamonotone boolean function f. T his function f can beobtained by classifying all vectors with thehelp of theappropriate operator A f (alsocalledan oracle ) which,whenfedwithavector x =( x 1 , x 2 , x 3 , ..., x n ), returnstheclassmembership

(or function value f ( x ) ) of vector x . Let A ={ F } betheset of all algorithms which can beused to determinethe class membership of all vectors inthespace, and

Q ( F , f ) bethenumber of accesses totheoperator A f requiredto obtain themonotoneboolean function f

� M n (where M n is theset of all monotoneboolean functions defined on n variables). Based on theabove notation, the Shannon function Q ( n ) can beintroduced as follows [Korobkov,

1965]:

An upperboundonthenumber ofquestionsneededtodeterminetheclassmembershipofallvectorsand restore theunderlying monotoneboolean function is given by thefollowing equation (also known as Hansel´s theorem ) [Hansel, 1966]:

The significanceoftheHanseltheoremisthatthetotalnumberofquestionsneededtoinferanymonotone boolean function defined by therelations among vectors in space E n will not exceed Q ( n ) if a proper questionasking strategy is applied.

[Kovalerchuk, et al. , 1996] proposed a method on how to classify the examples in a monotoneboolean system by issuing a sequenceof membership inquires to an operator or ^oracle.~ That method is based on the concept of the Hansel chains and is optimal in thesenseof the Hansel theorem and the Shannon function.

4. Hansel Chains

A chain inspace E n isasequenceofbinaryvectors.Allbinaryvectorsinspace E n canbeorganizedinto several chains, whicharecalled Hansel chains [Hansel, 1966]. For anytwoadjacent vectors x and y in a Hansel chain (where y follows x ), thevector x is required to bedifferent than vector y by only onebit so that vector x strictly precedes vector y .

T heHansel chains in space E n can begenerated recursively based on theHansel chains in space E n -1 .

Algorithm 1 , as showninFigure4.1,isamodifiedversionofthemethodproposedby[Hansel,1966]togenerate

Hansel chains in space E n .

Algorithm 1: Hansel Chains Generation in space E n

Input: Dimension n , Hansel chains of dimension n -1;

Output: Hansel chains of dimension n ;

Note that the Hansel chains of space E n -1 are assumed to be known and also

H 1,1 ={<0>, <1>}.

For each single chain C of the Hansel Chains in space E n-1 do the f ollowing:

Step 1 : Form a newchain C min in space E n by attaching the element `0´ to the right of each v ector in chain C ;

Step 2 : Form a newchain C max in space E n by attaching the element `1´ to the right of each v ector in chain C ;

Step 3 : Mov e the last v ector in chain C max to C min ;

Step 4 : Add C min to the Hansel Chains of dimension n ;

Step 5 : If af ter remov ing the last v ector f orm C max to C min , C max isnot empty, then add chain C max to the Hansel chains of dimension n ;

The abov e 5 steps will be repeated until al l chai ns in space E n-1 hav e been processed.

Figure 4.1 AnAlgorithmfor the GenerationofHansel Chains inSpace E n .

For space E 1 , thereis only a singleHansel chain that consists of two vectors <0>, <1>. That is:

H 1,1 = {<0>, <1>}.

To formtheHansel chains for space E 2 , thereare3 steps to befollowed:

Step 1: Attach the element ^0" to thefront of each vector in H 1,1 and get chain C 2min . That is:

C 2min = {<00>,<01>}

Step 2: Attach the element ^1" to thefront of each vector in H 1,1 and get chain C 2max . That is:

C 2max = {<10>,<11>}

Step 3: Movethelast vector in chain C 2max (i.e. vector <11>), to the end of C 2min .

Now, thetwo Hansel chains in E 2 can belisted as follows:

H 2, 1 = {<00>, <01>, <11>},

H 2, 2 = {<10>}.

To formtheHansel chains for space E 3 , theprevious 3 steps will berepeated. That is:

S tep 1: Attach the element ^0~ to thefront of each vector in H 2,1 and H 2,2 and get chains C 3,1min and C 3, 2 mi n , respectively, as follows:

C 3,1min = {<000>, <001>, <011>},

C 3,2min = {<010>}.

Step 2: Attach the element ^1~ to thefr ont of ea ch vector in H 2,1 and H 2,2 and get chains C 3,1max and C 3, 2max , respectively, as follows:

C 3,1max = {<100>, <101>, <111>},

C 3,2max = {<110>}.

Step 3: Movethelast vector form C 3,1max and C 3, 2max to theendoftheircounterpart C 3,1min and C 3,2min , respectively, to formtheHansel chains in E 3 as follows:

H 3, 1 = {<000>, <001>, <011>, <111>},

H 3, 2 = {<100>, <101>},

H 3, 3 = {<010>, <110>}.

Since thereis onlyonevector inchain C 3,2max , this chaincanbedeletedafter thevector <110> is movedto C 3,2min .

So thereareonly threechains in thefinal set with Hansel chains, namely: H 3, 1 , H 3, 2 and H 3, 3 . In general, the

Hansel chainsforspace E n canbegeneratedrecursivelybyrepeatingthe3stepsdescribedabovefromtheHansel chains in spaceE n -1 . Table4.1 lists theHansel chains generated for space E 3 .

Table 4.1 Hansel chains for E 3 .

Chain Number Vector In-

Chain Index

Vector

1 1 000

2 001

3 011

4 111

2 1 100

2 101

3 1 010

2 110

5. The Sequential Hansel Chains Strategy

An interactivelearning approach based on Hansel chains was proposed by [Kovalerchuk, et al ., 1996] and can significantly reduce thenumber of inquiries neededtodeterminea hidden monotoneboolean function in space E n . This interactivelearning approach a ssumes that thereis no exampleclassified initially. By systematically choosing a set of vectors fromtheHansel chains andbyaskingabout their class memberships, all other vectorsinthespacecanbeclassified.ThealgorithmproposedisoptimalinthesenseoftheShannonfunction and theHansel theorem. Thetypical process of this interactivelearning is:

(1) GeneratetheHansel chains in space E n .

(2) Sort theHanselchainsinincreasingorder ofthesize(i.e., thenumber ofvectors)oftheHansel chains.

Start formthefirst Hansel chain and do thefollowing:

(3) Start formthefirst unclassified vector in thechain and requiretheclass member ship of t hat vector.

(4) Use theclass membershipofthisclassifiedvector todeterminetheclass membership of as many undetermined vectors as possible.

(5) If all thevectors in thechain aredetermined, then process thenext Hansel chain.

Steps (3), (4), (5) will berepeated until all chains havebeen processed.

As in step (3), thevectors areselected sequentially in each Hansel chain, thealgorithmis thereforecalled a

Sequential Hansel Chains Approach . Theabovesteps aredescribed in detail in Figure5.1.

Algorithm 2. Sequential Hansel Chains Question-Asking Approach

Input: Dimension n ;

Output: Number of questions asked to determine the class membership of all the v ectors f or space E n .

Step 0: {Hansel chain generation.}

Use algorithm 1 to generate all Hansel Chains f or space E n .

The number of Hansel chains is K .

Step 1: {Initialization.}

Sort the Hansel chains in increasing order of the size of the chains.

Set the Current Chain Pointer CurChain =1;

Set the number of Questions NumQuestion=0;

Step 2: {Some v ectors are unclassif ied.}

Select the f irst unclassif ied v ector v in chain C i , where i = CurChain ;

Step 3: {Inquire the class membership of the v ector.};

Class( v ) = ANSW ER( v );

NumQuestion=NumQuestion+1;

Step 4: {Use monotonicity property to mark other v ectors.};

For(each chain C j , j =1, 2, 3, ..., K ) Do

Mark the class membership of v ectors in C j that can be determined;

Step 5: {Check f or completion condition}

IF( there are no unclassif ied v ectors in the current chain) THEN

IF ( CurChain = K ) THEN

Output the class membership of all the v ectors and the number of questions needed;

ELSE {There are other chains not processed}

CurChain = CurChain +1;

Goto Step 2;

ELSE { There are unclassif ied v ectors in the current chain}

Goto Step 2;

Figure5.1 A Sequential Hansel Chains Question-Asking Approach.

The followingexampleisastep-by-stepdemonstrationofhowthesequentialHanselchainsapproachcan be used to determineall posit iveand negative examples in space E 3 and eventually formtheunderlying hidden monotoneboolean function.

First, theHanselchainsforspace E 3 aregeneratedbyusingalgorithm1,asarelistedinTable4.1.Instep

1, thepreviousHanselchainsaresortedindescendingorder oftheir size. Table5.1liststhesortedHanselchains.

The currentchainpointer CurChain =1, indicatesthatthealgorithmwillbegintoprocessfromthefirstchaininthat sequence.

Table 5.1 Sorted Hansel Chains.

Chain

Number

Vector In-

Chain Index

Vector

1 1 100

2 101

2 1 010

2 110

3 1 000

2 001

3 011

4 111

After theHansel chains a r e gener a t ed a nd sorted, steps (2), (3), (4) and (5) will berepeated until all vectors in space E 3 areclassified.

Iteration1:

Step 2: As CurChain =1 and no vector has been classified, thevector <100> is selected for testing.

Step 3: Supposetheresult of thetest indicatesthat theclassmembershipvalueofvector <100> is 0 (i.e., false).

Step 4: Based on themonotoneproperty of thehidden boolean function, theclass membership of vector <100> indicates that vector <000> also has a class membership valueof 0. T herefore, thevector <000> and vector <100> can beclassified as negative.

Step 5: As thereis an unclassified vector in chain 1, it is necessary to start another iteration and go back to step

2.

The specificsofiteration1 aregiveninTable5.2, inwhichthesymbol ^<--~ indicates thevector selectedinthis iteration.

Table 5.2 Vectors Classified in Iteration 1.

Chain

Number

Index of

Vectors

In the

Chain

Vector Vector membership

Selected

Vector in the

Iteration

Answer Other

Vectors

Determined

1 1 100 <-- 0

2 101

2 1 010

2 110

3 1 000 0

2 001

3 011

4 111

Iteration2:

Step 2: As CurChain =1 and vector <101> has not been classified, it is selected for testing.

Step 3: Supposetheresult of thetest indicates that themembership valueof vector <101> is 1.

Step 4: Based on themonotoneproperty of thevectors, theclass membership of vector <100> determines that vector <111> will also havea membership valueof 1. Thereforevectors

<101> and <111> can beclassified as positive.

Step 5: Thereis no unclassified vector in chain 1. However, as CurChain =1<3, whichindicates that not all the vectors havebeenclassified,itisnecessarytolet CurChain =1+1=2 sothatthenextiterationwillbegin with thevectors in Hansel chain 2. The result after iteration 2 is listed in Table 5.3.

Table 5.3 Vectors Classified in Iteration 2 .

Chain

Number

Index of

Vectors

In the

Chain

Vector Vector membership

Selected

Vector in the

Iteration

Answer Other Vectors

Determined

1 1 100 0

2 101 <-- 1

2 1 010

2 110

3 1 000 0

2 001

3 011

4 111 1

Iteration 3:

Step 2: As CurChain =2 andthefirst vector <010> inchain2 has not beenclassified, it is selected for testing.

Step 3: Suppose the result of the test determines that the membership value of vector <010> is 1.

Step 4: Based on the monotone property of the vectors, the class membership of vector <010> will determine that vectors:

<110> and < 011> will also have a membership value of 1 ( another vector, vector <111>, has already been classified by vector

<101> in iteration 2). Therefore, the 3 vectors:

<010>, <110> and <011> can be classified as positive.

Step 5: There is no unclassified vector left in chain 2. However, as CurChain =2<3, which indicates that not all vectors have been classified, it is necessary to increase CurChain to 3 so that the next iteration will start form Hansel chain 3.

The details of iteration 3 are listed in Table 5.4.

Table 5.4 Vectors Classified in Iteration 3.

Chain

Number

Index of

Vectors

In the

Chain

Vector Vector membership

Selected

Vector in the

Iteration

Answer Other Vectors

Determined

1 1 100 0

2 101 1

2 1 010 <-- 1

2 110 1

3 1 000 0

2 001

3 011 1

4 111 1

Iteration 4:

Step 2: As CurChain =3 and the first ( andtheonly)vectorhasnot beenclassifiedis<001>. Thus, it is chosen for testing.

Step 3: Suppose the result of the test determines that the membership value of vector <001> is 1.

Step 4: As vector <010> is the only vector left unclassified, it is classified in this iteration.

Step 5: There i s no uncl assified vector in chain 3 and CurChain =3. Therefore, all vectors in E 3 have been classified.

The numberofquestionsneededtodeterminetheclassmembershipofallexamplesis4,thesameasthenumber of iterations. The class membership of all examples are listed in Table 5.6.

Table 5.5 Vectors Classified in Iteration 4.

Chain

Number

Index of

Vectors

In the

Chain

Vector Vector membership

Selected

Vector in the

Iteration

Answer Other Vectors

Determined

1 1 100 0

2 101 1

2 1 010 1

2 110 1

3 1 000 0

2 001 <-- 1

3 011 1

4 111 1

Table 5.6 The Class Membership of All Vectors in the Hansel Chains.

Chain

Number

Vector In-Chain

Index

Vector Function

Value

1 1 100 0

2 101 1

2 1 010 1

2 110 1

3 1 000 0

2 001 1

3 011 1

4 111 1

The hiddenfunctionisderivedfromtables5.2to5.5asfollows.Welookateachoneofthevectorswhichhave been classified as positive by the oracle. Note that there are three such vectors, namely vectors <101>, <010>, and <001>. Then, the attributes with value "1" in these vectorsindicatetheattributespresent inthe terms when the DNF format is used. Each such vector corresponds to one DNF term. Thus, from the above vectors we get the following inferred monotone boolean function:

f ( x ) =( x 1

Y x 3 )

Z ( x 2 ) Z ( x 3 ).

6. The Proposed Binary Search/Hansel Chains Strategy

The major advantage of the sequential Hansel chains approach is its conceptual simplicity. However, when the sequential Hansel chains approach is applied, the unclassified vectors in the Hansel chains are tested one by one. In this situation, the vectors are selected blindly and it is possible that some less effective vectors

(as explained next) will be submitted for testing first.

Onemay noticethat beforea vector is selected for membership inquiry, a ^reward~ valueof thevector selection canbesomehowevaluated. That is, onecanknow at least howmanyother vectorscanbeclassifiedas positive or negativeifthisvector isclassifiedas positiveor negative, respectively. Bycomparingthese^reward~ values of all unclassifiedvectors, onecan select a vector which, when asked, can givethemaximum^reward~ value. However, thecomputation will bevery heavy if the^reward~ valuefor each vector has to becalculated.

An alternativeapproach is to calculateand comparethe^reward~ values of only themiddle vector of the unclassified vectors in eachHansel chain H n , i (for i =1,... k, where k is thenumber of Hansel chains in space E n ) and select themiddlevector that appears to bethemost promising.

We callthisnewmethodthe BinarySearch/HanselChainsStrategy . Thismethodderivesthemainidea from thewidelyusedbinarysearchalgorithm(see,forinstance,[NeapolitanandNaimipour,1995]).Insummary, this binary search/ Hansel chains strategy consists of thefollowing steps:

Step 1: Select the middle vector of the unclassified vectors in each Hansel chain.

Step 2: Evaluate the "reward" value of each middle vector, i.e. the number of vectors that can be classified as positive (denotedasP)ifthemiddlevectorispositiveandthenumberofvectorsthatcanbeclassified as negative( denoted as N) if the middle vector is negative.

Step 3: Compare the (P, N) pair of all middle vectors, and then select the most promising middle vector. Next ask the membership value of that vector.

Step 4: Based on the previous answer, classify other vectors that can be determined as result of the previous answer and the monotonicity property.

Step 5: Redefine the middle vectors of each Hansel chains as necessary.

Step 6: Go back to step 2, unless all the vectors have been classified in which case exit.

The detailed description of this algorithm is shown in Figure 6.1.

Algorithm 3: Binary Search/ Hansel Chains Question-Asking Approach

Input : Dim ension n ;

Output: Num ber of questions asked to determ ine the class of all the vectors in space E n .

Step 0: {Initialization phase.}

Use Algorithm 1 to form all Hansel chains in space E n, , the num ber of chains is K .

Let the j -th chain, denoted as C j (for j = 1, 2, 3, ..., K ), be com prised by the sequence of vectors:

V j 1 , ..., V j 2 ,

..., V j m , for j = 1, 2, 3,..., K ;

Initialize the upper and lower borders, U j and L j , respectively, in each chain as follows:

U j = V j 1 ; and L j = V j m , where m is the total num ber of vectors in Hansel chain C j .

Step 1: {Som e vectors are still unclassified.}

For (each chain C j , j = 1, 2, 3, ..., K ) Do

IF(Hansel chain C j has som e unclassified vectors) THEN

Get M j ( j =

O ( U j - L j )/2